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1 . The theorem 

Let M be a compact manifold endowed with an almost complex struc- 
ture J e rEnd(TA/). We denote by T^M the complex vector bundle of 
-l-/-eigenspaces of J acting on TM <Si C, and by T^M the bundle of -i- 
eigenspaces of J. Then we have the splitting TM C = T-'M e T^M. If M 
is a complex manifold endowed with an Hermitian metric, then T-'M may 
be identified with the complex tangent bundle, while T-'M with the complex 
cotangent bundle of M. Informally, we will use this terminology even when 
M has only an almost complex structure. 

To every complex vector bundle S ^ M over M one can associate an 
integer as follows (cf. ©). Set the notation Q.j(M,6) = r(A'(T^M)* ® fi) 
for the anti-holomorphic differential forms with values in G, and consider 
the twisted Dolbeault-Dirac operator [Q 

De : Q7™(M,6) ^ Qf\M,&). 

This is a first-order elliptic differential operator, and its "virtual space of 
solutions" is well-defined as a formal difference of two finite-dimensional 
vector spaces: 

(1) Q(M, G) = Ker(De) e Coker(De). 

The dimension of this virtual vector space is defined to be the integer 

(2) dim 2(M, 6) = dim Ker{Ds) - dim Coker(D£) . 

This number may be computed by the Atiyah-Singer index formula: 



(3) dim Q(M, 6)= ch(6)Todd(T M); 

Jm 

here ch(6) is the Chem character of & and Todd(T-'M) is the Todd class of 
M. 

Now assume that a compact, connected Lie group G acts compatibly on 
the manifold M and the bundle S, and preserves the almost complex struc- 
ture J. Then Q(M, S) becomes a virtual representation of G, whose charac- 
ter we denote hy xs- 

To make this more explicit, we introduce the following notation for the 
Lie data: 

• Denote by T the maximal torus of G, and 
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• by g and t the Lie algebras of G and T, respectively; 

• we will identify t* with the T-invariant subspace of g* under the 
coadjoint action. 

• Let A stand for the weight lattice of T thought of as a subspace of 
f . 

• We will use the notation for the character T — > C* corresponding 
to A e A, and write for the value of this character on tin T. Thus 
we have = ^'^ for t e T, and also = e'^-*-^^ if X 6 t and 
t = exp(X). 

• Denote the set of roots of G by 9?; these split into a positive and a 
negative part: 9? = 9?+ U 9?". 

• Write dt for the Haar measure on T satisfying dt = I. 

Further, for X e g, we denote by VX the vector field 



on M induced by the G-action. 

Atiyah-Bott-Segal-Singer [|2l[3l|4j| give a fixed point formula for x ait)- 
The Fourier transform Txs of xs is then a function with finite support on 
A; its value 



is an integer, called the multiplicity of the weight A inxs- It is then possible 
to express TxeiA) in terms of partition functions, the first example of such 
an expression being Kostant's formula for the multiplicity of a weight A in 
a finite dimensional representation of a compact Lie group in terms of the 
number of ways a weight can be expressed as a sum of positive roots. 

Our focus will be the calculation of the dimension of the G-invariant part 
Q{M, S)^ of Q{M, S), obtained by taking G-invariants on the right hand side 
of©: 



According to the Weyl character formula, this integer may be expressed via 
the multiplicities as follows 



Consider an equivariant line bundle X over M, endowed with a G-invariant 
Hermitian structure and an Hermitian connection V. Then the curvature 
will be equal to -iQ., where f2 is a closed real 2-form on M. The G- 
invariant connection V determines a G-equivariant map, the moment map 
Pg '■ M ^ Q*hy the formula: 



VX-.M^TM, VX: ^e-'^q\t=o 




Q(M,6f = KeriDsf e Coker(D£)^. 



(4) 




(5) 



i{pG,X) = Lx- Vvx, 



where Lx is the Lie derivative acting on the sections of Observe that if 
;? e M is a fixed point of the T-action, then pcip) is in t* c g*, moreover. 
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I^g(p) is exactly the T-weight of the fiber Xp. Differentiating ©, we obtain 
the key equality 

(6) (dtiG,X) + n{VX,-) = 0. 

The space ji^{0)IG is called the reduced space of M with respect to G. 
The philosophy of quantization commutes with reduction (or [Q,R]=0 for 
short) is that the virtual space Q{M, G may be identified with the 
virtual space of solutions of a Dirac operator associated to a vector bundle 
of the form fio^Xp on the reduced space fx^^ (0)/G. This idea was introduced 
in IfTOl in the form of a precise conjecture (cf. Theorem[6l and the discussion 
below). If yU^'(0)/G is smooth, then, using the conjecture and applying the 
Atiyah-Singer formula ^ to the bundle fio -Cq, we can conclude that 
dim Q{M, S X!")^ depends polynomially on k. This polynomiality thus is 
a key manifestation of the [Q,R]=0 principle, and it will be our main object 
of study in this article. 

This reduction principle comes from considering the special case when 
M is a complex projective G-manifold, X is the ample bundle, and fi is a 
holomorphic vector bundle on M. Then the G-action on M may be extended 
to a holomorphic action Gc x M ^ M of the complexification of the com- 
pact Lie group G, and [Q,R]=0 follows from the fact that (cf. [|T6ll ) the orbit 
of yu^HO) by this complexified action of Gc is dense in M. 

Returning to the almost complex setting, where no complexified action 
exists, consider the case where G = T is abelian. In this case, we will write 
/i : M ^ t* for the moment map, omitting the index T . A special case of 
the quantization commutes with reduction principle then reads as follows. 

Theorem 1. Let fi^ and G~ be T-equivariant vector bundles over the almost 
complex manifold M. Let X be an equivariant line bundle with associated 
moment map // : M — > t*. Suppose that the bundle is equivalent to S~ 
over p~^(0). Then, for k large, the multiplicities !FV£+(gix*(0) and !FV6-»x*(0) 
are equal. 

Following Meinrenken, we give a proof of this theorem in §[5]based on the 
stationary phase principle applied to the integral formula of [7] for xs^£i'- 

Example 2. Let us consider the simplest example: M = P^(C), X is the dual 
of the tautological bundle, endowed with an action of the group SU(2). The 
maximal torus T of this group corresponds to the set of diagonal matrices 
in SU(2). Then we have the following table: 



k 




-4 


-3 


-2 


-1 





1 


2 


3 




dim QW) 




-3 


-2 


-1 





1 


2 


3 


4 




dim QiZy 




-1 





-1 





1 





1 







dim QWf''^^^ 










-1 





1 














Thus we see that 

• dim Q{£!^) = k + I; it is thus a polynomial for all k eZ. 
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1, if < kis even, 
dim Q{Z^Y ~ 1 ^' tf^ > kis even, 
0, ifk odd. 

In particular, this is a quasi-polynomial for all k >0. 

• dim QiX!")^^^^^ is, however, only polynomial for k > \. Note that 
dim Q(£r'')^^^^^ is not polynomial for k > I. 

This example shows, that, in general, dim QiM, S ® X^)*^ is not polyno- 
mial for small k. To make a stronger statement, we set S to be the trivial 
line bundle, and introduce a key condition on X as follows. 

Definition 3. Given an almost complex manifold (M, J), we say that a line 
bundle X over M is positive if for an Hermitian structure, and a compatible 
connection V on X, the corresponding curvature -iO. satisfies 

(7) n^{V, JV) > forallOi^Ve T^M 

at every point q e M. 

Note that in this case Q is a symplectic form on M. 

Remark 4. The data of a positive line bundle is the same as that of a pre- 
quantizable symplectic manifold endowed with a Kostant line bundle ( Wl\ ): 
this latter is a G-equivariant line bundle with first Chern class equal to the 
class of Q./2n. Indeed, if (M,Q.) is a symplectic manifold, then we can 
choose a unique (up to homotopy) positive almost complex structure J, and 
then the Kostant property of£. is equivalent to the existence of a G-invariant 
connection with property ([7]). 

Definition 5. Let E be a free Z-module. A function P : Z ^ C is quasi- 
polynomial if there exists a sublattice Sq c S of finite index such that for 
every /I e S the function P restricted to X + 'Eq coincides with the restriction 
of a polynomial function from S to Sq. 

In particular, a function P : Z — > C is quasi-polynomial if, for some 
nonzero J e Z, the function 1 1-> P{ld + r) is polynomial for every r e Z. 

Now we are ready to formulate the polynomiality statement for which we 
give a new proof. As we explain below, this is a corollary of results of |[T5]| . 

Theorem 6. Let (M, J) be a compact, connected almost complex manifold, 
endowed with the action of a connected compact Lie group G, and let X be 
a positive G-equivariant line bundle on M. Then 

• the integer function 

k dim Q{M, £^f 

is quasi-polynomial for k > 1, and 

• this quasi-polynomial is identically zero ifO ^ hg{M). 

Let us further comment on the relation between this theorem and the 
original Guillemin-Stemberg conjecture IfTOll . One may also consult [[T9ll 
and [|23l for more details and references. 
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Let M be a symplectic manifold equipped with a Kostant line bundle X. 
If is a regular value of fXc^ then the reduced space yU^HO)/G is a symplectic 
orbifold equipped with a Kostant line bundle Xo- Guillemin-Stemberg for- 
mulated the conjecture that Q(M, may be identified to Q(ju^\0)/G, £o). 

Meinrenken, in his first approach to the Guillemin-Stemberg conjecture 
[fT3]| . determined the asymptotic behavior of dim Q(M, X!")^ for k large, 
under the assumption that is a regular value. By a "stationary phase" 
method (that we borrowed in part for our proof of Theorem [B, he showed 
that dim Q(M, £'')^ is indeed equal to dim Q(fi~^ (0)/G, £q) for k sufficiently 
large, and that the equality holds for all ^ > if G is abelian. He has thus 
shown that the Guillemin-Stemberg conjecture for general compact con- 
nected Lie group G is equivalent to the fact that dim Q(M, £^)^ is quasi- 
polynomial in k for k>\. 

Meinrenken-Sjamaar in fl5\ formulated the Guillemin-Stemberg conjec- 
ture for the case when is not necessarily a regular value of the moment 
map, and, using techniques of symplectic cutting, proved this more general 
statement. There is also an analytic proof of this generalized Guillemin- 
Stemberg conjecture by Tian and Zhang [21 J, and another proof by Paradan 
[fm using transversally elliptic operators. Theorem [6] is a consequence of 
this statement. 

In the present paper, we prove that dim Q{M, £})^ is quasi-polynomial 
in ^ for > 1 directly, without making the assumption that is a regular 
value of the moment map. However, we will not pursue here the task of 
identifying geometrically the quasi-polynomial dim Q{M, £'')^. 

Our main purpose is to show that this result may be obtained from the 
Atiyah-Bott fixed point formula for;^^*, using Theorem [T] as the only ana- 
lytic input. The rest of the argument is based on combinatorial manipula- 
tions of Kostant partition functions and some simple geometric arguments 
"localizing positivity". The ideas underlying our paper originated in the 
works of Paradan [ITTlfTHl. 

The paper is stmctured as follows: in i2]we describe the calculus of the 
expansions of the terms of the Atiyah-Bott fixed point formula for;^^^^^* us- 
ing partition functions (Corollary [TOl), and then introduce a quasi-polynomial 
character A^[fi, o] encoding the asymptotic behavior of this expansion. We 
begin Oby Paradan's combinatorial formula decomposing a partition func- 
tion in terms of convolution products of partitions functions in lower dimen- 
sions, then we apply this formula to our geometric setup (Proposition [35]). 
which results in a decomposition of^g in terms of certain characters of the 
type A^ enumerated by fixed-point sets of subtori of T. This combinatorial 
decomposition is analogous at the level of characters to the stratification 
of the manifold M using the Morse function used by Witten [24] to 
compute intersection numbers on reduced spaces. We finish the proof of 
Theorem |6] in ^4] by studying the terms of this expansion. The crucial part 
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of the argument is a "localization of positivity" result: Proposition l44l Fi- 
nally, we give a quick proof of Theorem [T] in ^ A list of notations given 
in ^ helps the reader to navigate the paper. 



2.1. The Fixed Point Formula. As in the previous section, let us start with 
a connected, compact, almost complex T-manifold M, and a pair (fi, £.), 
consisting of a complex equivariant vector bundle and a line bundle on M. 
In this section, we embark on the study of the characters andx£^£k- Our 
starting point is the Atiyah-Bott fixed point formula [|2|. To simplify our 
situation, we assume that the set F of T-fixed points in M is finite. Let us 
introduce some notation for the fixed point data. 

We will use the term list for set with multiplicities. A list O thus consists 
of a set {O}, and a multiplicity function m^, : {O} — > Z>o. We will write 

• i/^ e O if i/^ 6 {O}; 

• if i/r e O and mq,{il/) > 1, then O - {i/r} will denote the list O with 
the multiplicity of i/^ decreased by 1; if m^ii/r) = 1, then O - {i/r} will 
denote the list O with i/r removed; 

• for a list O and a set 5 , we will write O n 5 for the list with un- 
derlying set {O} n 5 and multiplicity function coinciding with that 
of O on this set; we will write O \ 5 for the list with underlying set 
{O} \ 5 and multiplicity function coinciding with that of O on this 



• the product Yiipeo ^ will stand for the product Oi^eia)) \]/"^'^^'^\ 
For example, for each fixed point p e F, the weights of the T-action on 
Bp form a list, which we will denote by Let Sp be the function T — > C 
obtained by taking the trace of the T-action on the fiber Sp. Thus we have 
= Jurie-v ,^ri- Similarly, we denote by Op the list of T-weights of the 
complex vector space T^M. 

Without loss of generality, we can make the additional simplifying as- 
sumption that the generic stabilizer of the T-action on M is finite; this is 
equivalent to the condition that Op spans t* for all p e F. With these prepa- 
rations we can state the Atiyah-Bott fixed point formula for our case: it is 
an equality between two functions defined on an open and dense subset of 
T. 



while the left hand side is regular on T. Let us see a few simple examples. 

Example 7. Let M = P\C) with the action o/U(l) given byt-(x : y) = (tx : 
t~^y), and let & = be the kth tensor power of the dual of the tautological 



2. Fixed point formula and a formal character. 



set; 



(8) 




Indeed, the right hand side is meaningful on the set 

6 ^ 1 Vp 6 F and e Op}, 
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line bundle. There are 1 fixed points = (1 : 0) and p~ = (0 : 1), and we 
have 

The graph of the function f^Xs pictured below for k = 4. 
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Example 8. Let M be the flag variety of €? endowed with the action of 
the group U(3). The subgroup T = {{t\,t2J^)\ t\,t2,t3 G U(l)} c U(3) of 
diagonal matrices serves as the maximal torus in this case, and the weight 
lattice has a canonical diagonal bases: A = Z9i + 2.O2 + Then the 
coordinate flag {Cei c Cei © Ce2 c Cci © Ce2 © Ces) is invariant under T, 
and the rest of the fixed points in may be obtained by applying to this 
flag the elements of the permutations group S3 in a natural manner. We will 
use the notation w G S3 G for this correspondence; in particular, 

the coordinate flag will be denoted by pn^- 

Consider the line bundle X induced from the character t^t^^t^ ofT. Then 

f4kf-kf3k 
^ ^ 1 2 3 

" * (^-t2/h)(i-tMii-tM ' 

where, again, w* stands for the natural action ofL^ on the indices. 

The function 'Fx£k (for k - I) is depicted below on the root lattice gener- 
ated by the simple roots a = 9i - 62 and fi = 62 - 6*3. The weight pi23 of the 
bundle £, at pn^ is 4a + 3fi. 

^123 

• •••••• 



• • • • . 

• • • • • • = 1 

• • • • • =2 



• = 3 
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2.2. The partition function. Recall that xs is determined by its Fourier 
coefficients Txs : A — > Z, and that this latter function has finite support in 
A. Our immediate goal is to write down © as an equality of two functions 
in the Fourier dual space {A — > Z}. 

Before we proceed, we need to introduce a few basic notions. 

• We denote by RiT) the set of finite integral linear combinations of 
the characters e^, A e A, and 

• by R{T) the space of formal, possibly infinite, integral linear com- 
binations of these characters. Thus the elements of R{T) are in 
one-to-one correspondence with the functions m(A) : A — > Z via 
6 := TjAeA'^W^A 6 RiT). We will write TO for the function m 
in this case. Conversely, given a function m, we will call the cor- 
responding series 6 its character. If we extend the weights A e A 
to linear functions on tc, then we can also think of the elements of 
RiT) as formal series of holomorphic exponential functions on tc. 

• Informally, we will call 6 e RiT) a quasi-polynomial character if its 
Fourier transform !F5 : A ^ C is quasi-polynomial (cf. Definition 

m. 

Observe that RiT) is a module over RiT) and the set of quasi-polynomial 
characters forms a linear subspace in RiT) which is stable under multipli- 
cation by RiT). In addition, elements of RiT) whose Fourier transforms are 
supported on a fixed acute cone may be multiplied. 

With these preparations, we are ready to introduce the basic building 
block of our constructions. Let O be a list of nonzero elements of A. We 
will call X et polarizing for O if (0, X) for every e O. For nonempty 
<I) and polarizing X, define the partition O = 0+ U 0_ of O into 

0+ = {0 G OK0,X) > 0} and 0_ = {0 e O | < 0}, 

and introduce the formal character 

CO oo 

(9) 0[OTX] = (-i)!*^ I n ^ ^ ^ n z ^--^^ ^ n z 

It is easy to verify that the products in this formula are meaningful, and 
hence the series ©[O '\ X] defines an element of RiT). We also set 0[0 T 
X] = 1 for any Xei. 

We record a few basic properties of 0[Ot^]. 

Lemma 9. (1) 0[OtX] satisfies U<i,eM - e^) 0[OtX] = 1. 

(2) Considered as a series of holomorphic functions of the form e^^ with 
A e A, the series ^ converges absolutely in a neighborhood of 
iX e tc. 

(3) !F0[O T ^] is supported in the pointed cone generated in t* by the 
set U (-0-). 

Note that if two formal characters in RiT) absolutely converge, and co- 
incide on an open set of tc, then they also coincide as elements of RiT). In 
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particular, it follows from Lemma [9] that in their domain of convergence the 
formal characters ©[OtX] are equal to the function n,^6<i)(l ~ ^<i>T^ foi" 
X. 

This allows us to rewrite © as follows: 
Corollary 10. We have the following equality in R(T): 
(10) X£ = J]epe[(!>p'tX]. 

peF 

Remark 11. The function !F'0[O 1 X] : A — > Z, traditionally, has been 
called the partition function, since, assuming O = O^, its value at jx equals 
the number of ways one can write jxas a nonnegative integral linear combi- 
nations of vectors from O. In particular, the equality (flOl) applied to Weyl's 
formula for the characters leads to Kostants 's formula for the multiplicity 
of a weight in an irreducible representation of a reductive Lie group. 

A key fact is that the Fourier transform !F0[Ot^], as a function on A, is 
piecewise quasi-polynomial. Let us explain this in more detail: 

Definition 12. Given a list O spanning i*, we will call an element yet* 
O-regular if it is not the linear combination of fewer than dim(t) elements 
ofQ>. 

The set of O-regular elements form the complement of a hyperplane ar- 
rangement in t*, and we will use the term O-tope for the connected compo- 
nents of this set. It will be convenient to use the notation 7~(y) for the tope 
containing the O-regular element y. Note that topes are open convex cones, 
which are invariant under rescaling. 

Lemma 13. Given O and X as above, and a ^-tope T, there exists a quasi- 
polynomial character 5[0 t X,T] such that ^©[O T X] coincides with 

T6[^'[x,T] on A nr. 

This lemma is proved in f9\ (see also [8]). 

Example 14. Let t* = Ra, A = Za, O = [a] and let X £ t to be the vector 
satisfying {a,X) = 1. Then 

CO 

k=0 

Then T := {to, ? > 0} is a tope and 5[0 'IX^T^ = Yikei. ^ka- The character 
5[0 t ^, T] is quasi-polynomial as the multiplicity !F5[0 T X, 7~] is the 
constant function 1 on Za. 

2.3. The asymptotics of the character. Now we return to our geometric 
setup. We continue to assume that the torus T acts on the compact al- 
most complex manifold M with a finite set of fixed points. Also, recall our 
notation /u : M ^ i* for the moment map associated to the Hermitian T- 
equivariant line bundle X as in ffl and the fact that for peF, p(p) is the 
weight of the T-action on the fiber £,p. 
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Definition 15. For p e F, and a subset 5 c t* denote by the shifted 
subset S - flip). In particular, we have yP = y - ju{p)for y e i*. 

The moment map /j. gives rise to a real affine hyperplane arrangement 
whose complement is the open set 



We will use the term alcove for the connected components of the set (fTTT) . 
The alcoves are thus minimal nonempty intersections of the translated poly- 
hedral cones T + fi{p), where p e F, and 7" is a tope of Op. Just as in the 
case of topes, we will use the notation o(C) for the alcove containing the 
connected subset C of the set (fTTI) . 

Remark 16. If His a positive line bundle as in Definition \3\ then jJ.{M) is 
the convex hull of the points p(p), where p s F, and the set ([77]) is contained 
in the set of regular values of p. 

Next, we define a quasi-polynomial character by formally replacing the 
generating function for the partition function 0[Op t ^] in (flOl) by appro- 
priately chosen corresponding quasi-polynomials (5[Op T X, T] (cf . Lemma 



Definition 17. Given a T -equivariant vector bundle S over M, and an al- 
cove a c t*, we define the formal character 



where = a - ix{p). 

Remark 18. Note that we omitted the dependence on X in the notation ( cf. 
Corollary\23\l. 

This character acquires a geometric meaning for the sequence of bundles 
fi <S) k = 1,2,... (cf. Lemma [2n and Proposition[22l). 

The relation of the character A^[fi, a] to symplectic reduction may be 
described as follows. In the case when the moment map // : M ^ t* is 
associated to a positive line bundle (and hence Q is a nondegenerate 2- 
form), any element y in an alcove o is a regular value of //, and the torus T 
acts with finite stabilizers on yu Ht)- Then the set iu'\y)/T is an orbifold, 
which does not change if y remains in a, and thus we can denote it by M„. 
The bundle S descends to an orbifold bundle Sa on Ma, and each character 
A allows us to twist £„ by the associated line bundle = fJ.~^(y) Xj Ca over 
Ma. We then consider the integer dim{Q{Ma,Sa <S> L^)), which, according 
to the Atiyah-Singer index formula, is a polynomial function of A if Ma is 
smooth. In the general case, when M„ is an orbifold, the index formula for 
orbifolds (El, see also |I22||) implies that the function A dim{Q{Ma, Sa (S) 



(11) 




(12) 
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L^)) is a quasi-polynomial. In this setup, the character A^[£, a] appears as 
the generating function of this quasi-polynomial: 

We will not use this interpretation in what follows. 

Example 19. We return to Example with fx is associated to the dual of 
the tautological bundle over P\C). Then there are 3 alcoves 

ai :=] - oo, -1[; 02 :=]-!,![; a3:=]l,oo[ 

For & the trivial bundle, we have 

A4£, aj = 0; A^[£, a^m = 1; A^[£, 03] = 0. 

Example 20. We return to Example \8\ with fx associated to the line bun- 
dle The straight lines cut the plane into alcoves. The support of the 
multiplicity function Txl '■^ ^he highlighted hexagon. 




Since A^[£, a] is a linear combination of quasi-polynomial characters, it 
is itself quasi-polynomial. The following extension of this fact holds. 

Lemma 21. The function {A,k) 1— > !FA^[fi <8) X^, ci](/l) is quasi-polynomial 
on the lattice A x Z. 

Proof. Indeed, we have 

^,[& ® £\ a] = Spek,ip)6[^p ^X, a^]. 

peF 

The statement now follows from the fact that for a formal character 6 G 
R{T), and A,v e K, we have Tek^e(A) = Te{X - kfi). □ 
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For small k, in particular for k = 0, Ap[£ (g) £}, a] does not have any 
direct relationship withxmx''- Since Sp for p e F is the trace of a finite- 
dimensional representation, its multiplicity function 'Fsp, p e F has finite 
support in A. For large k, we have the following statement. 

Proposition 22. Let h be a compact subset of an alcove a. Then there exist 
a positive integer K such that for every k > K and A G kh A, the equality 

(13) rA,[6 ® X^ o](^) = rxe^AA) 
holds. 

Proof. Recall the notation ¥p introduced for the list of weights of Sp at 
p e F. According to (flOl) . we have 

rXi^A^) = E Z !^®[^pTX](^ -ri- kfi(p)), 

peF r,e^„ 

while, by Lemma [211 

rA^[6 ® £\ a](A) = J]J] rSi^p TZ, Tia^m - 77 - kfi(p)). 

peF jye'P,, 

Hence, by the definition of the quasi-polynomial character 6 given in Lemma 
[T3l these two expressions coincide as long as for each peF and 77 e *Pp, 
we have A - j] - k/u(p) e 7~(a''). Since topes are invariant under rescaling, 
and a'^ = a- ix{p), we can conclude that (fT3]) holds if 

A Tl 

(14) - - 7 e a for each 77 e U„gf¥p. 
k k 

As the set yjpep^p is finite, for large enough k, we will have h - rj/k e a 
for every 77 from this set. Hence (fT4l) holds for large enough k, uniformly in 
A e kh r\ A. This completes the proof. □ 

Corollary 23. The quasi-polynomial character A^[6, a] does not depend on 
the choice of the polarizing vector X. 

Indeed, assume that the subset b c a in Proposition [221 contains an open 
set U, and observe that the set of pairs (^, t) satisfying the condition t > 
K,^ e th with K as in Proposition 122) contains a translate of the open cone 
[(ry,r)\r > 0, 7 e t/} c t* x R. According to Lemma EB TA^[6,a] is 
quasi-polynomial on AxZ, and hence the right hand side of (fT3]) completely 
determines the left hand side. Since fxmL'' does not depend on X, we can 
conclude that neither does TA^{&, a]. 

In what follows, we will need the extension of the definition of Ap[£, a] 
to the case when the generic stabilizer of the T action is not finite. 

Definition 24. Suppose the Lie group G with Lie algebra g acts on a mani- 
fold M. Then for a subset C c M we denote by 

Qc = {X e g; VX vanishes on C} 
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the stabilizer subalgebra o/q, and by Gc the connected subgroup ofG with 
Lie algebra Qc- 

In particular, Tm is the connected component of the generic stabilizer of 
M containing the identity element, and c t is the Lie algebra of Tm- 
Then for every p e F, the weights Op span the annihilator c t*. 

Clearly, the group Tm acts on each of the fibers Sy, q e M, and since 
M is connected, this representation does not depend on q. In particular, for 
two fixed points p and q in F, the weights iu{p) and iJ.(q) of T differ by an 
element of t^. Thus the affine-linear subspace 

(15) AM=f^(p) + tfi 

of t* does not depend on p e F. Note that according to equation Q, the 
image //(M) is contained in A^- 

Now we can repeat the definitions (fTTT) and (fT^ with t* replaced by t^. 
More precisely, we consider the open set in Am consisting of those elements 
7 for which e is Op -regular for any p e F. An alcove a is a connected 
component of this open set. For an alcove a, we denote by 7~(a'') the Op- 
tope in tjj containing a'\ The formal character Ap[fi, o] may be defined by 
equation (fT2l) . The multiplicity function ;FAp[£, a] is then supported on a 
finite number of translates (by vectors from the set Upg/r{¥p}) of Pi A, and 
it is quasi-polynomial on each translate. 

Denote by the trivial line bundle over M endowed with the action e^ 
of r. As an immediate consequence of the decomposition 

(16) ^=0 C,®(fi0C^,)^", 
one has the explicit formula 

(17) A,[6,a]= oAp[(fi®C_,)^-,a], 

where the sum is understood as taken over any system of representatives 
of the quotient. Note that this formula expresses the formal T-character 
Ap[6, a] through quasi-polynomial characters for the torus T' = T/Tm, 
which acts on M with generic finite stabilizer. 
We have the following simple corollary of (fTTl) : 

Lemma 25. If for some A G A, the multiplicity !FAp[fi, a]{A) is not zero, 
then the restriction of A to tM is a weight of the representation ofTM on a 
fiber ofG. 

We end this section with a comment on the situation, where the affine 
space Am given by equation (fT5l) is linear, i.e. passes through the origin. 
This is equivalent to the condition that Tm acts trivially on the fibers of X, 
i.e. X is a r/TM-line bundle. 

Lemma 26. Let Sbe a T -bundle, and JLbe a T/TM-Une bundle on M. Then 
k i-> !FAp[fi £}, a](0) is a quasi-polynomial function ofk. 
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Proof. Applying (fTTl) to the bundle £ (g) X*^, and using the condition on X, 
we obtain the equality 

A^fi ® L\ a](0) = A4£^" ® L\ o](0). 

Since &^ is a r/TM-equivariant vector bundle, we can replace T by T ITm- 
According to LemmallTl T(s.y[&^"®£!', is quasi-polynomial in {A, k) e 
(t-{^ n A) X Z, and hence o](0) is a quasi-polynomial function 

of k. □ 

3. Decomposition of partition functions 

3.1. The decomposition formula. In this section, we prove a decomposi- 
tion formula for the generating function 0[O T^] of the partition function 
introduced in Q. This formula is due to Paradan IfTSll . and it will serve as 
the combinatorial engine of our proof of Theorem [6l 

Definition 27. Given a list O of weights in A c t*, introduce the set of 
O-rational subspaces 

nS((t>) = {S ci* linear, O n 5 spans S}. 

This is the set of linear subspaces oft* spanned by some subset of^: 

Remark 28. 1. Note that {0} e KSifD), and t* e !R<S(0) z/O spans t*. 

2. Comparing this definition to Definition [72] we see that all subspaces 

S e !/?<S(0), except for S = t*, consist of nonregular elements. 

Now, fix a positive definite scalar product (■, ■) on t*, and denote by 
7 i-> y* the induced linear bijection between t* and t. For each rational 
subspace S e !R<S(0) and yet*, introduce the notation ys for the orthog- 
onal projection of y onto S , and Ys^y for the vector (ys - 7)* € t (see the 
diagram below). 



5 

Finally, recall from Lemma[l3]that, on a O-tope 7~, the partition function 
T&i^ T X] coincides with a quasi-polynomial y^(5[0 t ^, T] : A ^ Z. It 
is thus natural to compare the two functions at all points of A. As we will 
see, the difference may be expressed as a sum of (convolution) products of 
partition functions and quasi-polynomials coming from lower-dimensional 
systems. 
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Proposition 29. (Paradan) Let Q) be a list of vectors in A, and let X be a 

polarizing vector for O (see the definition of® in ©j. Assume that yet* 
is such that for every S e HSif^), the projection js ^ S is (O n S)-regular, 
while the orthogonal component y is polarizing for 0\5. Then 

(18) 0[OTX]= Yj ®V^\S^Ys,y\- 6{Q>r\S}X,T{ys)]. 

Se%S((5>) 

Observe that if -y is in the dual cone to the cone generated by O"^ U -O", 
then all the terms but the one corresponding to 5 = {0} vanish, and hence, 
in this case, the identity (fTSl) is tautological. 

Example 30. Let i* = Ra, A = Za, O := [a] and set X e t to be the vector 
satisfying {a,X) = 1. Then 

CO 

k=0 

The set KSi^) has two elements: S = {0} and S = t*. 

If we let y = ta for some t > 0, then on the right hand side of (fTSl) we 
have 

• 5[OTX,r(r5)] = ZtezetaforS = r, and 

• e[^ns,r] = -i:k>oe-ka,forS = {0}. 
Then formula (fTSl) reads: 

0[OTX] = 5[OTx,r(r5)] + e[^rYs,yi 

Proof of Proposition\29\ Replacing y by its orthogonal projection on the 
subspace generated by O, we may assume that V is spanned by O. 

Observe that for each term on the right hand side of (fTSl) . the Fourier 
transform restricted to a tope of O is quasi-polynomial. We show that the 
Fourier transforms of the two sides of (fTSl) coincide. 

We start by showing that the Fourier coefficients of the two sides coincide 
on the tope T(y). The term corresponding to 5 = t* is (5[0 t X,T(y)], 
whose Fourier coefficients coincide with those of 0[O t X] on the tope 
Tiy). For any S e 'RS((^) different from t*, by construction, the Fourier 
transform of the corresponding term 0[O\5 T Ys^y] ■ (5[0 n S ^ X,T(ys)] 
is a function on A supported on the subset {A; {A, Ys^y) > 0} (cf. Lemma 
|9l). Since (y, Ys,y) = -\ys - yp < 0, we see that this function vanishes on 
a conic neighborhood of the half line R.^y. This implies that the Fourier 
coefficients of all these terms vanish on all of 7~(y), and thus indeed, the 
Fourier coefficients of the two sides of (fTSl) coincide on 7~(y). 

To extend the equality of Fourier coefficients to the rest of A, we use 
induction on the number of elements in O. If O is empty, then both sides are 
equal to 1. Now pick an element (/"GO, and consider O' = O - {0} (cf. the 
beginning of Ofor our conventions). Clearly (l-e^)-0[OtX] = OfO't^]. 
If we restrict the Fourier transform of this equation to a tope T, we obtain 

(l-e.)5[OTX,r)] = (5[0'TX,'n 
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if O' generates V and T' is the tope of O containing 7", while 

a-e^)6[<!>1X,T)] = 

if O' does not generate V. 

We multiply both sides of (fTSl) by (1 - e^), and compare the results. On 
the left hand side, we end up with 0[O' t^]- For a term on the right hand 
side corresponding to 5 e !/?iS(0), we separate 3 cases: 

1. cp^S: In this case, S e 'RS((t>'), O n 5 = O' n 5 and 

(1-e^) • 0[O\5T1^5,r] =0[^'\'5n'5,r]. 
Thus, after multiplication by (1 - e^), we end up with the term 

(19) ©[O'VSTi^s.y] • (5[0'n5TX,T(r5)]. 

2. (pes, and S e :R<S(0'): In this case 0\5 = 0'\5 while (O n 5) - 
{0} = O' n 5 , which implies that 

(1 - e^) 5[0 n 5 TX, T(r5)] = 5[0' n s tx, rXr^)]. 

Thus we end up with the term (fT9l) again. 

3. 6 5, and 5 ^ !R<S(0'): In this case, 

(1-e^) 5[cDn5TX,T(r5)] =0. 

Thus multiplying the right hand side of (fTSl) by (1 - e^) has the effect of 
replacing O by O'. Using the inductive assumption, we can conclude that 
after multiplying both sides of (fTSl) by (1 - e^) for any e O, we obtain 
an identity. As O spans t*, this implies that the Fourier coefficients of the 
difference of the two sides of (fTSl) form a periodic function with respect 
to the sublattice of finite index in A generated by O. Since we also know 
that these coefficients vanish on Tiy), they must vanish on all of A. This 
completes the proof. □ 

3.2. Paradan's decomposition of a character. In this paragraph, we sub- 
stitute the decomposition (fTSl) into formula (flOl) . and then find a geometric 
interpretation of the resulting expression. 

Note that while performing this substitution, we have the freedom of 
varying the vector y in (fT8l) depending on the fixed point p. We take advan- 
tage of this possibility, by shifting y by for p e F, and thus replacing 
7 by the vector yP = y - n{p). 

With this choice, we obtain 

(20) Xe, = Yj Z ^p-®V^p\S^ys,yA-mpr\S^X,T{yl)]. 

Now we turn to the geometric meaning of this sum. Recall that each X £t 
defines a vector field VX on M; this vector field vanishes on the fixed point 
set F. 
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Definition 31. For p e F and S e KSi^^p), denote by C(p, S ) the connected 
component of the set 

M^^ = {meM\ VX{m) = Ofor every XeS^} 

which contains p. Let FPC(M) stand for the set of all connected fixed point 
components C{p, S ) obtained this way: 

FPC(M) = {Cip,S)\ peF,S e 'RS{Q>,)}. 

Observe that the set M^^ is also the fixed point set of the subtorus of T 
with Lie algebra 5 

Lemma 32. For p e F and S e 'RS((^p), consider C{p,S) e FPC(M). 
Then 

(1) the set C{p, S) is a smooth, T -invariant submanifold of M, 

(2) the Lie algebra of the generic stabilizer ic(p,s) ofC(p,S) in t is ex- 
actly S and 

(3) for q e Cip, S)r]F,we have S e !R<S(0^) and C{q, S ) = C{p, S ). 

Proof. Recall the basic fact that a torus action on a manifold can be lin- 
earized near a fixed point. It is sufficient then to verify these statements in 
a linear model. Let V be a vector space with a linear T-action, with a list 
of weights and let S e KSi^). Then the set of points stabilized by the 
torus exp(5 ^) is the direct sum of all eigenspaces of V whose weight is in 
S . This easily implies all three statements. 

□ 

It follows then that there is a one-to-one correspondence 

{{p, S)\peFS e KSift^p)} ^ {{p, C)| C e FPC(M), peCnF}, 

and hence we can regroup the terms of the sum in (l20l) according to the fixed 
point component C to which it corresponds. To write down the resulting 
formula, we need to introduce new notation for the vectors ys and 7^ y in 
terms of the component C. 

The manifold C inherits a T-invariant almost complex structure, and the 
set of weights of the fiber of the complex vector bundle T^C at p e C n F 
is Op n t^. Consider the T-equi variant line bundle Xc on C obtained as the 
restriction of X to C, and recall from ([T?]) the definition of the affine space 
Ac. 

Using our scalar product, we decompose t* = tc © t^. If p and q eC C\F, 
then jx{p) - ix{q) belongs to t^, thus the projection {jxip) - y\c) of l^ip) - J 
to t(C) does not depend on p e C n F. This is the polarizing vector in any 
term of the sum in (|20l) associated to the component C. 

Using this observation, we introduce the following notations. 

Definition 33. From now on, we will write jcfor the orthogonal projection 
ofy on the affine space Ac- We introduce the notation 

def 

= (Mip) - r)t(C) =7c-7 
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for the polarizing vector in t(C), omitting the dependence on y. 




Regrouping the terms of (l20l) . and using these notations, we obtain the 
formula 



{21) X&= Yj Z ^p-®V^p\^c^yc]-mp^ic^X,T{yc-M)l 



CeFPC(M) peCnf 

Recall that (x{yc) stands for the alcove containing yc- We claim that the 
term 



has the form A^[fic' i(7c)] for an infinite-dimensional bundle &c over C, 
whose fiber at the fixed point p has character Sp ■ 0[Op\t^ lYc]. 

This bundle may be constructed as follows. The bundle KC = T^M/T^C 
is a T-equivariant complex bundle on C, whose Tc-weights are constant 
along C; denote the set of these Tc- weights by Oc. These weights thus may 
be obtained by restricting \ to for any p e C n F. Now, we can 
split Oc into the disjoint union 0+ u according to the sign of the value 
of the weights on the polarizing vector Yc ^ ^c^ and we obtain a direct sum 
decomposition of KC in KC = KC+ © KC-, where KC+ and are the 
subspaces generated by eigenvectors of Tc vvith weights from and O^, 
respectively. 

Then, recalling the definition of the formal character from Q, we ob- 
tain the following statement. 

Lemma 34. Define the infinite-dimensional T -equivariant virtual bundle 



over C, where S^"^^{y) stands for the mth symmetric tensor product of the 
vector space V, and deXiV) for its top exterior product. The fibers of this 
bundle over points of C form a Tc-representation with finite multiplicities, 
moreover, for p e CDF, the T -character of the fiber S*{KC T Yc)p is 



Ac:= Yj e:p-e[%\t^nc]-mpni^'tX,T(yc-Kp))] 



peCnF 



oo 



(22) 
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Denote by Sc the restriction of £ to C. Then the combination of the 
fixed point formula with Paradan's decomposition leads to the following 
statement. 

Proposition 35 (Paradan). Let y be a generic point in i*. Then we have the 
following equality in R(T): 

(23) ;r£= X ^Mi^c®s\Kcnc),a(rc)l 

C€FPC(M) 

If C consists of a single fixed point p e F, then the corresponding term 
is Ep ■ 0[Op t (uip) - y)*]- It is reassuring to compare this to (flUl) . which 
contains a similar 0-term functions but oriented diff"erently. According to 
Lemma|9](l), the two terms, interpreted as generalized functions, coincide 
on the set {teT; ^ 1 V0 e Op}. 

We also observe that these are the only terms which correspond to smooth 
functions on some open sets of T; all the other terms correspond to gener- 
alized functions supported in positive-codimensional subtori of T. One can 
think of this formula then as a refinement of the Atiyah- Bott formula ([8]). 

Remark 36. 

(1) The alcove a(yc) is an open set in Ac = fi(p) + when p e C. 

(2) The moment map // : M — > t* of the line bundle /i satisfies equation 
(l^l), and this implies that pi{C) is contained in the affine space Ac- 
Moreover, if £, is a positive line bundle as in Definition\3\ then ii{C) 
is the convex hull of the finite set {yu(/?); /» e C n F}. 

(3) Proposition |52] implies the vanishing of those the terms of the sum 
in (1231) which corresponding to a fixed point component C satisfying 

a(rc) <t ^l{C). 

(4) We note that the terms of the sum (1231) are not quasi-polynomial. 
Rather, the term corresponding to the fixed point component C is 
quasi-polynomial along each element an infinite set of linear trans- 
lates ofi^ c t*. 

(5) When C = M, then the term of the sum (12^ reduces to A^[fi, a{y)], 
which is an actual quasi-polynomial character (cf. Lemma \21\ and 
Proposition\22\l. 

Example 37. In Example^ the elements o/FPC(M) are easy to list: 

FPC(M) := {M,p^,p'}. 

If we consider y = 0, the corresponding decomposition ofxe, reads as fol- 
lows: 

OO CO 

keZ k=0 k=0 

Example 38. In Example \8\( see also Example |20|). the set of fixed point 
components FPC(A/) consists of the following elements: 
• the complex 3-dimensional manifold M itself. 
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• the 6 fixed points p^,, w e S3, corresponding to the vertices of the 
highlighted hexagon. The corresponding values of the moment map, 
are as follows: 

Pu3 = 4a + 3/3, yU2i3 = -a + 3/3, fx^j = Aa + 

//321 = -3a - 4/3, yU23i = -3a + /3, /Z312 = -a - 4/3 

• 9 components isomorphic to P'(C), whose images are intervals which 
span the 9 lines on the picture below. Each of these components con- 
tains precisely two fixed points; we will use the notation C[pv,pw] 

for the component containing the fixed points pv and p„, and iijXv, A'w) 

for the corresponding line. 

For example, the fixed point component C{pn?,, PiiiA may be de- 
scribed as the set offiags of the form 

Cv c Cei e Ce2 c Cei ® Ce2 ® Ce^. 

The stabilizer group of this submanifold is {{t,t,u); a e U(l)}. 




Thus decomposition (l23l) of the character X£ involves \6 formal char- 
acters. On each of the alcoves, each of these terms gives us a polynomial 
function. Clearly, these polynomials need to add up to in an alcove which 
is not in the support offxe,- The support ofTxa, which is the convex hull 
of the points fi(Pw), w e Z3, is the highlighted hexagon on the diagram. 

We will consider two such cases: the alcove a(jco) containing the point 
xq = la + 5/3, and the alcove ci(xi) containing the point x\ = 11a + 5/3. We 
will express an element A e A in the basis of simple roots: A = k^a + k2j3. 
The multiplicity function T^Xl thus is a function 0/(^1, ^2). with ^1,^2 6 Z. 

We begin with a(xo)- In fact, because of the support conditions, only the 
following 6 fixed point components contribute: 

• C = M contributes the constant function fi(ki,k2) = 3. 
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• The term corresponding to C = pmis 

CC CC CO 

k=0 k=0 k=0 

The Fourier transform of this character restricted to a(xo) n A is the 
function f2(ki,k2) = -(^2 - 4). 

• The term corresponding to C = C[pi23,Pn2] is 

00 00 

^C[pi23,Pi32] ^/ii23^(a+(a+yS)) 

■ J]ek^ ■ Yjei,,, ■ Y^ekia^^). 

keZ k=0 k=0 

The Fourier transform of this character restricted to cl{xq) Pi A is 

f(k,,k2) = (k,-5). 

• The term corresponding to C = C[pn3,P2n] is 

CO CO 

keZ k=Q fe=0 

The Fourier transform of this character restricted to a(xo) n A is 
f4(h,k2) = (k2-4). 

• The term corresponding to C = C[p 132, P231] is 

CO CO 

Ac := -^//i32^(Q'+yS) • ^ ^ka • ^ ^kfi • ^ ^k{a+/3)- 
k€Z k=0 k=0 

The Fourier transform of this character restricted to on ci(xq) Pi A 

/5(^l,^2) = -(^2-l). 

• The term corresponding to C = C[pi23,P32i] 

CO CO 

keZ k=0 k=0 

The Fourier transform of this character restricted to aDA is feih , /C2) = 

-(k,-k2-l). 

Now, it remains to observe that the sum of all these contributions van- 
ishes: 

fl+f2+f3+f4+f5+f6 = 3-(k2-4)Hkl-5)Hk2-4)-(k2-l)-(h-k2-l) = 0. 

On the alcove a(xi), the calculation is quite similar One still has the con- 
tributions /i, /2, /s, /4, fs, fe, and there are 2 additional terms: one coming 
from the fixed point P132, and the other from C{pi^2,Pm\- The first contri- 
butions restricted to this alcove is {ki - ^2) - 6, while the second is the same 
expression with opposite sign. Thus we have 8 contributions adding up to 
0. 
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4. Quasi-polynomial behavior of multiplicities 



4.1. Decomposition of a G-character. Returning to the setup of ^ we 
consider a compact connected Lie group G acting compatibly on an almost 
complex manifold M, bundles S and X and the connection V on X. 

Let T be the maximal torus of G. Our first goal is to understand what 
formula ([23]) tells us about dim Q{M, S O £'')^. Let Wg be the Weyl group 
of G, and choose a triangular decomposition gc = tc ® © of the com- 
plexification of the Lie algebra g of G. This choice induces a splitting of the 
roots of G into positive and negative ones: ?J = U?J', where 91- is the list 
of weights of T on n*; it also provides us with the subset Adom c A of dom- 
inant weights, which serve as a fundamental domain of the Wc-action on 
Act*. Then the irreducible characters : T ^ C of G are parametrized 
by ^ e Adorn- 

Remark 39. As observed by Atiyah-Bott, the Weyl character formula 



is the Atiyah-Bott formula for dim Q{G ■ A, £.x) associated to the line bundle 
Jlx = G Xg , on the coadjoint orbit G ■ A. 

We consider the G-equivariant moment map fic '■ M ^ q* satisfying 
equation ([5]). Then the map //, obtained as the composition of jUg with the 
restriction g* — > t*, serves as a moment map for the T-action. 

Now our character ;^fe^_rA 6 R(T) may be expressed in a unique way as a 
finite linear combination of irreducible characters Xa, ^ ^ ^dom- In partic- 
ular, the sought after quantity f^Xasz'' dg = dim Q(M, S ® X!")^ is exactly 
the coefficient of the trivial character in the decomposition of ;t£8iX* a 
linear combination of irreducible characters. To obtain an explicit formula 
for this multiplicity, we observe that the Weyl character formula for;^' } may 
be stated in the following way: 

Lemma 40. Introduce the element 




weWc, 



-e^)eR{T). 



Then for Ai,A2 e Adom, we have 




Applying this to our situation with /I = 0, we obtain the formula 
dim Q(M, 6f = rojGXa(0). 



Now we make the formal observation that multiplying ;^f£ by ojg amounts to 
tensoring fi by the trivial super-bundle over M with fiber An^ = A''^'^"n~ 
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A n endowed with the standard (adjoint) T-action. This leads to the fol- 
lowing formula: 

(24) dim Q{M, 6 ® £'f = Xe^^n-iO). 

Now Proposition 135) combined with Remark [361 (3) implies 

Corollary 41. For any integer k, we have 
(25) 

dim Q(M, &®£'f = Yj i^c ®-Cc® ^n" S'(KC T Yc), a(yc)] (0), 

CeFPC(M) 

and those terms for which yc i /^(C) vanish. 

It turns out that one can significantly strengthen the condition on C under 
which the corresponding term in (|25l) vanishes. Let g = t © q be the T- 
invariant decomposition of g with q = [t, g]. This induces a decomposition 
g* = t* ffi q* which, in turn, gives us a map M ^ satisfying 

Now introduce the notation Slice(M) = iu^\0). The set Slice(A/) is a T- 
space, and on Slice(M), the map coincides with //. Also, note that any 
G-orbit in M intersects Slice(M). 

Theorem 42 (Paradan). Let y be generic in t*, and C e FPC(M) be a fixed 
point component. Then the term 

(26) [fic ® £c ® An- (8) S\KC T Yc), a{yc)] 
in (l25l) vanishes unless 

yc e iu(C n Slice(M)). 
Proof. Recall that for a Hermitian vector space H the formula 

(27) c(v) : a> i-^ V A 0) -v*loj, v e H, oj e AH, 

defines the Cliff'ord action of H on the exterior algebra of H, i.e. a linear 
map H — > End(A//). A simple computation shows that c(v)^ = -||v||^ • id, 
and hence c(v) is an isomorphism whenever v 0. 

Now assume that the inverse image fi'^iyc) does not intersect Slice(A/) n 
C. Then, for any q e C such that /z(^) = yc, the component /i_L(^) does 
not vanish, and hence the map [q, to] i-^ [q, c(p.±{q))oj] is a T-equivariant 
bundle-map C x A'^^'Mi" ^ C x A°'*'^n-, which is an isomorphism over 
f^~^(7c) ^ C. Now, using Proposition[52l we can conclude that the term (l26l) 
vanishes. □ 

4.2. The main result. At this point, we impose the condition of positivity 
on our line bundle X. Recall that this means that the curvature of the con- 
nection V on X is of the form -iO., where the closed 2-form Q. is such that 
the quadratic form V i-> Q.q{V, JV) is positive definite at each point q e M. 
Note that this condition, in particular, implies that Q. is symplectic. 

Now we turn to the proof of Theorem [6l which we repeat here for refer- 
ence. 
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Theorem 43. Let (M, J) be a compact, connected almost complex manifold, 
endowed with the action of a connected compact Lie group G, and let £. be 
a positive G-equivariant line bundle on M. Then 

• the integer function 

dim Q(M,£''f 

is quasi-polynomial for k > \, and 

• this quasi-polynomial is identically zero ifO i p.q{M). 

Proof. Let 7 be a regular element of t*. For C e FPC(M), we retain the 
notation jc and Yq from Definition [331 Then, according to Theorem |42l we 
have 

(28) dim e(M, L^f = ® Air ® S'iKC UcX a(rc)] (0), 

c 

where {C e FPC(M); yc 6 j"(C n Slice(M))}. 

First, consider the terms of this sum corresponding to C 6 FPC(A/) for 
which the affine-linear subspace Ac defined in (fTSl) passes through the ori- 
gin: e Ac- Lemma [26] shows that in this case, the function 

k ^ TA^ [£' An- ® S\KC\Yc), a(rc)] (0) 

is a quasi-polynomial function of k. Furthermore, if e Ac but ^ pg{M), 
then for y sufficiently close to 0, the orthogonal projection yc of y to Ac is 
also close to 0, and thus yc i yu(CnSlice(M)) c pc(M). Hence, according to 
Theorem[42l the term of ([281) corresponding to such C e FPC(M) vanishes. 

Now, both assertions of Theorem [?^ will follows if we show that, for y 
chosen sufficiently near and k > I, the term on the right hand side of ([2H1) 
corresponding to C 6 FPC(M) with i Ac vanishes. 

Indeed, consider a fixed point component C e FPC(M) for which ^ Ac, 
i.e. for which the stabilizer tc acts nontrivially on the fibers of the line 
bundle Xc , and let 7 e t* be a generic element, for which there is a ^ e C 
satisfying pj_(q) = and fi(q) = yc- 

Assume, ad absurdum, that the zero weight occurs with nonzero multi- 
plicity in the T -module 

[£' ® An- ® S\KC T Yc), a(yc)] . 

According to Lemma [25l this implies that the representation of Tc on the 
fiber of the bundle (gi An~ (g) S*{KC 1 Yc) at some point of C contains 
the trivial weight. This implies that at every point q e C the Lie algebra 
element Yc e tc annihilates a nonzero vector in the fiber 

(29) (X^ ® An- (g) S'iKC 'tYc))g. 

To find a contradiction, we will give a positive lower bound on the eigen- 
values of Yc on this space for an appropriately chosen y. Let us consider 
the eigenvalues of Yc on each of the 3 tensor factors: 
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• The eigenvalue y(£}) of Yc acting on is equal to k{ix{q), Yc) = 

• The eigenvalues of Yc on An" are parametrized by subsets / c 9?" of 
the negative roots: we have the expression 3^(An", /) = 2ae/(o^, Yc) 
for the corresponding eigenvalues. 

• Finally, recall from the discussion before Lemma [34] the splitting 
Oc = U of the tc-weights of the conormal bundle KC ac- 
cording to the sign of their value on Yc- It follows then that all 
eigenvalues of Yc on S^'"^{KC*_ ®KC+)q are nonnegative, and hence, 
according to (|22l) . all eigenvalues of Yc on S*{KC^Yc) are bounded 
from below by the eigenvalue of Yc on AKC*_ : 

(30) yiAKC:) = -Y,(V,Yc). 

Hence, to prove that Yc does not annihilate vectors in the vector space 
(|29l) , it suffices to show that for some regular y e t*, 

(31) yU'') + y{An-, I) + y{AKC*_) > for every / c 

Denote by fic the projection of the origin onto Ac- Naturally, for y near 
the origin, the point yc will be close to /3c- Also, for such y, under the 
identification of t with t*, the vector Yc will be close to Pc- This implies 
that for y near the origin 

(32) yU') = k{yc, Yc) - k{fic,Pc) = kWcf > 0. 

By the definition of O^, all terms of the sum in (l30l) are also positive. Thus 
our worry is the set of negative terms which could appear in j(An , /): these 
correspond to a e 9?" for which {a, Yc) < 0. Again, by continuity, for 
7 in a small neighborhood of the origin, for such a root a, there are two 
possibilities: 

• either {^c, a) = 0, 

• or the three numbers {a, Yc), (fie, a), and (yc, a) are all negative. 
When (/3c, a) = 0, then for y sufficiently close to the origin in t*, the sum 

y(£') + J]{{a, Yc); a e (J3c,a) = 0} 

remains positive. 

If (a, Yc), (/3c, a), (yc, (x) < 0, then y(/\n~ ,1) needs to be neutralized us- 
ing the summands of y(AKC*_) in (l30l) . To prove that indeed, y(ArC,I) + 
y(AKC*_) > 0, it will be sufficient to show that all such roots appear as 
weights of KC. More precisely, it is sufficient to show, that whenever 
or e 9i~ and (yc, a) < 0, then a restricted to ic is a weight of KC. 

Proposition 44. Let (M, Q, J) be a positive symplectic G-manifold. Let 
q e M be a point such that ij.g((1) = /^(^X i-S- /^x(<?) = 0- Then the list of 
complex weights of the stabilizer group Tg in T^M with respect to the almost 
complex structure J contains the the list of restricted weights 



(33) 



{a\ig, ae% (p(q),a) > 0]. 
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Proof. As usual, we use the notation VX{q) for the tangent vector in T^M 
corresponding to X e g under the G-action on M. Since jic is G-equivariant, 
we have 

g, = {X 6 g; VX{q) = 0} c g^(,) = {X e g; ad*XOu(^)) = 0} 

for the stabilizer Lie subalgebras. Thus under the correspondence X 
VX{q), the G^(^)-invariant complement g^^ ^ of o,f^^q) in g maps injectively 
into TqM. We will look for our weights |33]) among the weights of this 
image. 

Our first observation is that by contracting the equation {duc, X)-irL{VX)Q. = 
by VZ, and using the G-equivariance of fic^ we can identify the symplectic 
form on this image. We obtain 

(34) QqiVX,VZ) = {fiGiq),[X,Z]) 

for X,Z e g. Since ludq) = l-i(q), using the structure of reductive Lie 
algebras, we can conclude that this antisymmetric form restricts to a non- 
degenerate form on Vg^^^^ c TqM. 

Let us summarize our situation: we have a real vector space T^M en- 
dowed with an action of a torus Tq, a T^-invariant symplectic form Q and 
a Tg-invariant positive complex structure J. We have a T^-invariant sym- 
plectic subspace Vg^^^^^ c TqM, which is, however, not necessarily in- 
variant under the complex structure J. Finally, we know the r^-weights 
of the space Vg^^^^ C: in our case this is the set of restricted weights 
{Qr|t^; a e 9^, (n(q), a) 0}. Our goal is to find out which of these weights 
appear as weights of the complex vector space (TqM, J). 

The following lemma, which is a simple exercise in linear algebra, gives 
us the answer: 

Lemma 45. Let W be a real vector space on which a torus group acts, 
and assume that W is endowed with an invariant symplectic form Q.y^ and 
an invariant complex structure Jw, satisfying 

(35) QwiX, JwX) > Ofor allOi^XeW. 

Let a be a T-^-weight, and let Z e tyy be such that (a, Z) 0. Then the 
multiplicity of a in the complex vector space (W,Jw) equals to half of the 
number of positive eigenvalues of the quadratic form 

X ^ —^,niX, Z-X)on {Wa © W-a) n W, 
{a,Z) 

where Wa is the a weight-space ofW^C 

This lemma has the following corollaries: 

Corollary 46. (1) Given Qvk on W, the complex eigenvalues ofTw with 
respect to those complex structures Jw satisfying (l35l) do not depend 
on Jw Thus we can speak of the symplectic Tn^-weights ofW. 
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(2) IfW c W is a T ^-invariant symplectic subspace, then the symplec- 
tic weights of W form a sublist of the list of symplectic weights of 
W. 

(3) In the special case when the quadratic form X i— > Q.{X, Z • X) is 
positive definite, all symplectic weights aofW satisfy (a, Z) > 0. 

Now we apply Lemma 145) and its corollaries to our situation: W = T^M, 
W = Vq^^^^ and = T^, and we can conclude that the symplectic weights 
of Vi3^(^) form a subset of the symplectic weights of T^M. Now we observe 
that the natural t^-action on Vq^^^^ extends to an action of t via the formula 
Z • VX = V[Z,X], and hence, using this action, we can try to verify the 
condition in Corollary |46] (3) for a Z 6 t not necessarily in t^. 

Denote by Zy the element of t which corresponds to fi{q) under our chosen 
inner product; thus we have 

(a, Z,) = (ju(q), a) and {fi{q), Y) = (Z„ Y) for aei*,Yet 

The weights of the space g^^^^^ <Si C then may be listed as the subset {a e 
9i; {a,Zg) ^ 0}, and hence, according to Corollary |46l Proposition l44l will 
follow if we show that the quadratic form 

X ^ n^iVX,Zq ■ VX) 

is positive definite on g^^^^^ = g^ . This is indeed the case: using (l34l) . we see 
that for X e g^^ we have 

n,(VX,Z,-VX) = (luiq), [X, [Z„X]]) = (Z„ [X, [Z„X]]) = ([Z„X], [Z„X]). 

This last expression is positive for X e g^ and this completes the 
proof. □ 

This ends our proof of Theorem EH To recapitulate, we have chosen 
a generic yet* near the origin, and considered a fixed point component 
C e FPC(M) such that Ac; we needed to show that the corresponding 
contribution to (1281) vanishes. In view of Theorem |42l we could assume 
that there is a ^ 6 C satisfying fi±(q) = and fi(q) = jc, where yc is the 
projection of y on to the affine subspace Ac c tc. Using simple estimates 
we reduced this vanishing to the inequality (|3T]) on the eigenvalues of an 
element Yc 6 t on a certain vector space associated to C. The first term 
on the left hand side of this inequality is positive and bounded away from 
zero according to 03) • A quick calculation then shows that the sum of the 
last two terms is nonnegative if {a\ic 6 ?f~; (yc, or) < 0} is a subset of the 
tc-weight of KC; this last statement is the content of Proposition l44l □ 

5. The asymptotic result in the torus case 

The purpose of this last section is to give a proof of a version of Theorem 
[TJ This result was also first proved by Meinrenken. 
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Theorem 47. Let M be a compact almost complex T manifold, £, a T- 
equivariant line bundle over M, with moment map fi. Let S = S'^ ® be a 
super-bundle. If for some y 6 t*, the T-equivariant bundles and £~ are 
isomorphic on /i~'(y), then there is a neighborhood b ofy and K > such 
that TxmLi'W = 0/or k > K and A e kh r\ A. 

Proof. As 'Fxe^£i!iA.) is an integer, it will be sufficient to show that there is 
a neighborhood b of y and a constant C such that k\'Fx£,^£k(A)\ < C when 
k> I and A e kh. 

We choose a neighborhood o of y such that the vector bundles and 
G~ are isomorphic over fi'^ia) and choose b a compact neighborhood of y 
contained in a. 

Let us begin with the Atiyah-Bott fixed point formula ([8]); 

(36) X£^£^ = y. 7f -r. 7- 

According to our hypothesis that the T-equivariant vector bundles G^ and 
G' are isomorphic on jT^ia), we have = - = if ix{p) e a. Denote 
by F' the set of p e F such that fi{p) i o. Then we have 



(37) Txe^AX) = e^,{t) > . ^ " " \... dt. 



ekii(p)it)Sp(t) 



To estimate this integral, we would like to exchange the summation and 
the integration in this formula. However, the terms of the sum are singular 
expressions, and thus we can only estimate the part of this integral where 
the terms of the sum are bounded. 

To find this partial estimate, we proceed as follows. Consider the open 
set 

r,eg = [geT\ e^{g) ^ 1 V0 e Op, p 6 F'}, 

of those elements ^ e T for which the terms of our sum are regular, and for 
each g e Treg pick a ball t/g c t centered at e t such that for X e Ug, 
we have gQxg{Ug) c r^g. Now, let : T ^ [0, 1] be an auxiliary smooth 
function with compact support on gexp(i7g), and consider the piece 



(38) ^ Pg(t)e-A{t)x£^_ck(t)dt 

of the integral in (|T7l) supported in gexp{Ug). Pulling this integral back to 
t via the map g exp : t ^ T, we can estimate the absolute value of (1381) as 
being less or equal than 



(39) J] 

peF' 



r Pgigexp(X))£p{gexp{X)) 

Jt n,..,.(i-^'-<^'^>^'-^(^)) ^ 



Note that we omitted the constant factor e'^'^^^^'^'^ig), since it is of absolute 
value 1. 

Now we recall the following standard estimate from Fourier Analysis. 
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Lemma 48. Let j] e i*, and H : i ^ C be a smooth compactly 
supported function. Then for every positive integer d, the inequality 



MX)} 



< 



^H{X) dX 
holds, where one can take 

id 



\\2d 



Cd(H) = max 

Xet 



(.mx)) 



This constant depends only on a finite number of derivatives ofH. 

Now we return to 091) . and consider expression fi(p) - A/km the expo- 
nent, for A/k G b. Since p{p) is not in a, we have the bound \pip) - A/k\ > 
6 > 0, which depends only on the choice of the relatively compact set b c a. 
Applying Lemma 148) to rj = kQi(p) - A/k), we obtain the following 

Corollary 49. For fixed compact h c a, g e T^^g, and smooth function 
: r — > [0, 1] with compact support in Ug, the integral (1381) goes to zero 
faster than any power ofk, uniformly in A e kh. 

5.1. Equivariant forms. In order to bound the rest of the integral (1371) . for 
each g eT\ Treg, we will replace the Atiyah-Bott formula by an expression, 
which is regular at g. Such formulas were given in [7J; here we sketch the 
setup and the relevant notions. We start with the identity element of T: 
g = id. 

For a manifold M with a T-action, we define the algebra ^t{M) of equi- 
variant forms as the space of smooth maps a : t — > r(A*T*M)^, from t to 
the set of invariant differential forms on M. As a matter of notation, we will 
write a(X) for the resulting differential form on M, and a(X, q) for the value 
of this differential form at ^ e M. 

The equivariant differential D : JIt{M) — > ^t{M) is given by the for- 
mula 

Da{X) = da{X) - VX\_a{X); 
we have = 0. Accordingly, a 6 JljiM) is called equivariantly closed 
if Da = 0. The formulas in [6J express the integral a : t ^ C of an 
equivariantly closed form a in terms of local data on M. We follow the 
exposition of ([Subchapters 7,8). 

Returning to our setup of T-manifold M, endowed with a line bundle X 
with curvature R-^ = -iO., we observe that we have already encountered 
such equivariantly closed forms: indeed, equation Q may be interpreted as 
saying that the expression 

(40) Rj:(X) =R^ + Lx- Vvx = Uli, X) - in, 

the equivariant curvature of the bundle £,, is equivariantly closed. The 
equivariant curvature may be constructed for any equivariant bundle S over 
M by choosing a T-invariant connection V on S with curvature Rs- Then, 
again, we can define Rs{X) = R^ + Lx - Vyx which is a smooth map from t 



30 



A. SZENES AND M. VERGNE 



to the r-invariant sections of the bundle of algebras A*T*M O End(S). We 

can then define the equivariant forms 

(41) 

chs(X) = Trg [cxp(Rs(X))] , Todds(X) = dcV^ 

[1 -exp(-Rs(X)) 

where the trace and the determinant are taken in End(S). These forms are 
called, respectively, the equivariant Chern class and the equivariant Todd 
class of the bundle S. Note that the latter is only defined in a neighborhood 
ofOet. 

Applying this construction to the bundles 6" and M, we obtain the 
equivariant curvature forms i?e+, R^, and ^t'm: respectively. Now we make 
the crucial observation, that since &^ is isomorphic to &~ over ir^{a), we 
can assume that the corresponding connections Ve+ and Vg- are chosen to 
coincide over /i '(a), and thus we have 

(42) Re,.{X,q)=Re,-{X,q) if M^) e o. 

Now we are ready to write down the relevant formula from [|71 (see also 
[ia,chapter 8): 

;rs^^.(expX) = r ch^.(X)[che.(X)-ch£-(X)]ToddT.M(^); 

this equality is valid for X from the neighborhood Ui^ of e t where 
ToddTJM(^) is defined. 

Writing che(X) for ch£;+(X) - che-(X) and using (l40l) . we can rewrite this 
expression as 

(43) ;r£^xKexpX) = -— r e''^<^'^>-'^"ch£(X)ToddT.M(X). 

\zin) Jm 

Now we are proceeding quite similarly to our analysis of the Atiyah-Bott 
formula above. We choose an auxiliary smooth function Pid '■ T ^ [0, 1] 
with compact support in exp(Uid) and we write 

„ „ dimM/2 y 

(44) (2/;r)'*™^/2 P.d(t)e-Ait)xe^At) dt = J] {-iy-^(qy 

Jt Jm y_Q J- 



Jpid(exp(X))e''=<^('^)-''/'=-^> chs(X, q) ToddT.M(^, q) dX. 



Now we observe that due to (l42l) . the factor che(X, q) vanishes whenever 
Hiq) e a, and hence we can again assume that \iJ.{q) - Alk\ > 5 for some 
positive 5 depending on b only. Since both M and the support of pid are 
compact, we have bounds on the derivatives of the integrand in (HH), which 
are uniform in q. Hence we can apply Lemma |5H] again to conclude that for 
each d, there is a constant Cd, independent of q, such that the integral over 
t in (l44l) is bound by Cdk~^'^ . Integrating over M then gives us 

Corollary 50. The integral (l44l) goes to zero faster than any negative power 
oft 
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Finally, we extend these arguments to all g & T, using the generalization 
of the above formula given in [7, Theorem 3.23]. We first introduce the 
twisted versions of our characteristic forms: if s e T acts trivially on M, 
then we can define the twisted Chern character 

chs,s(X) = Tr[sexp(Rs(X))], 

and 

Ds,, = det [l - exp(-i?s(X))] , 

as s acts fiberwise in any T-equivariant vector bundle over M. 

Now let ^ e r be an arbitrary element, denote by the submanifold 
fixed by g (thus g acts trivially on M^) and let NM^ be the normal bundle 
of in M. Then the formula in [|7l states that 



(45) Xe^As^^pX) 



Starting from here, the arguments are identical to those we gave in the 
case g = id, and hence they will be omitted. 
We can summarize what we proved as follows. 

Lemma 51. For g e T, let Ug be a neighborhood ofOet such that for 
X G Up the characteristic classes Todd^sC^) and 7; — ^—7^, are defined on 
M^. Then for any smooth function pg : T ^ [0, 1] compactly supported in 
gexp(Ug), and any A e kh, the integral 

J pg(t)e-Ait)xes>zkit) dt 

goes to zero faster than any negative power ofk. 

Now we can easily finish the proof of the theorem. Indeed, the sets 
{g exp(Ug)\ g eT} form an open cover of the compact torus T. We can thus 
pick a finite subset S G T such that Ug^^sg exp(Ug) = T. Next, we choose a 
partition of unity subordinated to this cover, i.e functions Pg : T [0, 1], 
g & S such that pg is compactly supported in gexp(Ug) and Yjges Pg - 1- 
Then, for A e kh, we have 

I e-A{t)Xm£>'(f)dt =^ I pg{t)e-A{t)Xm£x(f)dt. 
Jt ^Jt 

Each term of the sum goes to zero as k ^ 00 uniformly in A, and hence so 
does their sum, the expression on the left hand side, which equals TxmL''- 
This completes the proof of Theorem l47l 



Let us formulate the corollary of Theoreml47]that we used to conclude the 
vanishing of certain quasi-polynomial characters on some alcoves. Without 
loss of generality we can assume that iu, the infinitesimal stabilizer of M in 
t, is trivial. 
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Proposition 52. Let & = &^ be a super-bundle. Let a be an alcove. 
If for some yea, the T -equivariant bundles and S~ are isomorphic on 
ju~^(y), then A^[S, a] = 0. 

Proof. According to Lemma \T3\ and Proposition [221 this follows from the 
fact that for a compact b c o and k sufficiently large 

□ 

6. List of notations 

• (M, to) - compact symplectic manifold; fi - vector, X - line bundle 
over M. 

• TM - the tangent bundle of M, J e End(TM) stands for a complex 
structure, and T-' denote the ±i eigenspaces of J. 

• T - compact torus group, t - its Lie algebra, A - weight lattice of 
T,G - compact Lie group with maximal torus T and Lie algebra g. 

• Pg '■ M ^ Q and : M — > t - moment maps. 

• Tt] - the Fourier transform/multiplicity function of the formal char- 
acter TjoiT . 

• 0[O t^] - formal character of the partition with a list of weights O 
and oriented by the vector X (cf. 

• 5[(D t^, T] - formal quasi-polynomial character, whose multiplicity 
function coincides with that of 0[O t^] on the tope T (cf. Lemma 
[B]). 

• A^[fi, o] - the asymptotic character associated to & and p (cf. Defi- 
nition [H])- 

• Gc, Tc, gc>tc> generic stabilizer groups of the subset C c M, and 
their Lie algebras. 

• FPC(M) - set of connected components of fixed point sets of M. 

• Gc - vector bundle restricted to the submanifold C. 
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